
Life is really Nonlinear. 
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Theorem 1:
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Application: Consider  with 

       

The backward Euler method is
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If  is Lipschitz continuous with Lipschitz constant ,

1the mapping  is a contraction when .
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Exercise:
 Using the backward Euler method to solve
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Standard assumption in Nonlinear iterations.

1. The equation has a solution .
2.  is Lipschtz continuous with Lipschtz constant .

3.  is non-singular.
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Newton’s method and stopping criterion of nonlinear 

iterations: 
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Theorem 2:

Let the standard assumptions hold,  such that if ,

the newton iteration    q-quadratically
Proof:
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Re mark:

1. 9  The stopping criterion should be determined according to

               the condition number of the Jacobian matrix 

               for the relative error to be less than a given toleran
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3.Checking the quadratic convergence rate of the Newton

   method, we check a constant as 
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Chord method                     
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If the standard assumption holds,  the chord method converges 
q-linearly to the root .
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Remark 1:

 can be replaced by approximate inverse preconditioner

where 1 and  is easier to compute .
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Remark 2:
When  is difficult to compute, we can approximate 
by difference approximation.
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Algorithm of Chord method

1. .

2. compute  and Factor .
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Theorem 3.
Let the standard assumption hold.
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Theorem 4.
Let standard assumption holds. There are  and 0
such that if ,  the chord iterates converge q-linearly
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Proof.
Let  be small enough so that Theorem 3 hold, and 0,
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Theorem 5. Let the standard assumption hold.
Then 0,  0 and >0 such that if 
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Shamanskii method:
Alternation of a Newton step with a sequence of chord steps.
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Theorem 6.
Let m 1 be given,  0,  0  such that

if ,  the Shamanskii iterates converge with 
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(1) When  is approximated by  the difference approximation,
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(2) When ,  Theorem 3 impiles that no meaningful 

      error reduction can be obtain by iterations, 
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Remark 4.

The conclusions in Remark 3 can be generalized to the

approximate inverse  when . This further

implies that, in the approximate Newton step
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The newton iterative method consists of solving

by this approximation is
called the inexact Newton Methods.
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Please refer to C.T. kelly's "Iterative Methods" for
detail error analysis of the inexact Newton method.  
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Broyden's Method

Broyden's method is locally superlinearly convergent!
in between Newton and chord method

In one-dimension space, consider the secant method
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Remark 5: the secant iterates converge q-superlinearly.
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rank-one update
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Clearly, the secant method is a special case of the Broyden method.
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The Broyden iterations can be written as following
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Obviously, we would like to ask the following questions: 

Q1: When will Broyden iterates converge? 

Q2: How fast the Broyden converge? 
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The Dennis-More condition is lim 0  
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